We define a Rohlin property for Z 2 -actions on UHF algebras and show a non-commutative Rohlin type theorem. Among those actions with the Rohlin property, we classify product type actions up to outer conjugacy. We consider two classes of UHF algebras. For UHF algebras in one class including the CAR algebra, there is one and only one outer conjugacy class of product type actions and for UHF algebras in the other class, contrary to the case of Z-actions, there are infinitely many outer conjugacy classes of product type actions.
Introduction
A non-commtative Rohlin property was introduced by A. Connes for classification of (single) automorphisms of von Neumann algebras ( [3, 4] ), and this property was generalized for example by A. Ocneanu ([20, 21] ) to systems of commuting automorphisms and further to actions of discrete amenable groups. On the other hand, this notion has also proved useful in the framework of C * -algebras ( [1, 6, 7, 12, 13, 15, 16] ), and in [15, 16] Kishimoto established a non-commutative Rohlin type theorem for automorphisms of UHF algebras (and some AF algebras) and classified automorphisms (i.e., Z-actions) with the Rohlin property up to outer conjugacy.
The purpose of the paper is to extend Kishimoto's work to Z 2 -actions. Motivated by [15, 16] , in Section 2 we introduce notions of Rohlin property and uniform outerness to Z N -actions on unital C * -algebras. In the UHF algebra case and N = 1, the uniform outerness was shown to be the same as the ordinary outerness of the relevant automorphism on the GNS von Neumann algebra obtained via the trace ( [15] ). Our main theorem here says that for Z 2 -actions on UHF algebras the Rohlin property characterizes the uniform outerness. The main idea of the proof is similar to the one in [16] , but to avoid additional technical problems we make use of the stability i.e., the vanishing of 1-cohomology obtained in [12] .
In Section 3 we introduce three notions of conjugacy to Z 2 -actions, i.e, approximate conjugacy, cocycle conjugacy, and outer conjugacy. Using the generalized determinant introduced by P. de la Harpe and G. Skandalis ( [14] ), we show that approximate conjugacy implies cocycle conjugacy when a (unital) C * -algebra is simple and possesses a unique trace. In Section 4 we consider product type Z 2 -actions on UHF algebras, i.e., pairs (α, β) of commuting automorphisms
Adv k .
Considering the case when the n k × n k matrices u k , v k commute at first, we show that the Rohlin property in this case is characterized by the property of uniform distribution of the joint spectral set Sp(⊗ n k=m u k , ⊗ n k=m v k ) (m ≤ n). From this we show that any such pairs are approximately conjugate.
We then investigate two special classes of UHF algebras. The first one is of the form ⊗ , where p k (k ∈ N) are primes and non-negative (finite) inte-
The second one is of the form ⊗ k∈K M q ∞ k with primes q k (k ∈ K) (where #K ≤ ∞) and M q ∞ k of course means the infinite tensor product of M q k . For algebras in the first class we construct infinitely many non-cocycle conjugate product type Z 2 -actions with the Rohlin property. We would like to emphasize that for Z-actions this phenomenon does not occur. On the other hand, for algebras in the second class we show that all the product type Z 2 -actions with the Rohlin property are mutually approximately conjugate. Combining these results we get the classification of product type Z 2 -actions with the Rohlin property on UHF algebras up to outer conjugacy.
Rohlin type theorem
Let N be a positive integer . We first define the Rohlin property for Z N -actions on unital C * -algebras. As mentioned above this is a simple generalization of that in the case of N = 1 [15] . Let ξ 1 , . . . , ξ N be the canonical basis of Z N i.e., 
ξi+g < ε for any x ∈ F , r = 1, . . . , R, i = 1, . . . , N , and
Remark 2 When A is a UHF algebra, using Christensen's perturbation argument ([5, Theorem 5. 
for each r = 1, . . . , r, j = 0, . . . , m (r) − 1 and x ∈ F , and
for each n ′ = 1, . . . , N with n ′ = n, r = 1, . . . R and j = 0, . . . , m (r) − 1, where e For automorphisms of C * -algebras a notion of uniform outerness was introduced in [15] . That is, an automorphism α of a unital C * -algebra A is said to be uniformly outer if for any a ∈ A, any nonzero projection p ∈ A and any ε > 0, there exist projections p 1 , . . . , p n in A such that
It was shown that this notion for automorphisms of UHF algebras is equivalent to the usual outerness for the automorphisms of the von Neumann algebras obtained through the GNS representations associated with the traces ( [15 (1) α has the Rohlin property.
(2) α g is uniformly outer for each g ∈ Z 2 \ {0}.
Once we establish this theorem, we have immediately Corollary 4 Let α be a Z 2 -action on a UHF algebra A. Then the following conditions are equivalent:
(1) α has the Rohlin property as a Z 2 -action on A.
(2) α g has the Rohlin property as an automorphism of A for each g ∈ Z 2 \ {0}.
In Theorem 3 it is obvious that (1) implies (2) . We devote the rest of this section to prove the converse in several steps.
Lemma 5 Let α be a Z
2 -action on a UHF algebra A. If the condition (2) in Theorem 3 holds then for any m = (m 1 , m 2 ) ∈ N 2 , ε > 0 and any unital full matrix subalgebra B of A, there exists an orthogonal family (
for any i = 1, 2 and g ∈ Z 2 with 0 ≤ g, ξ i + g ≤ m − I, and furthermore,
where τ is the unique tracial state of A and |m| ≡ m 1 · m 2 .
P roof. Let (π τ , H τ ) be the GNS representation associated with τ . By the uniqueness of a trace we can extend each α g (g ∈ Z 2 ) to an automorphism of the AFD II 1 factor π τ (A) ′′ (⊆ B(H τ )) and we use the same symbol α g for this extension. Since α g is outer on π τ (A)
′′ for g ∈ Z 2 \ {0} by [15, Theorem 4.5] , it follows from [20, Theorem 2] that for any m ∈ N 2 there exists a strongly central
ξi+g −→ 0 strongly as j → ∞ for each i = 1, 2 and g ∈ Z 2 with 0 ≤ g ≤ m − I, where
From this central sequence we shall construct a uniformly central sequence
of orthogonal families of projections in A such that
strongly as j → ∞ and
ξi+g −→ 0 as j → ∞ for each i = 1, 2 and g ∈ Z 2 with 0 ≤ g, g + ξ i ≤ m − I. To do this, let ( A j | j ∈ N ) be an increasing sequence of unital full matrix subalgebras of A such that ∪ j A j is dense in A. From [15, Lemma 4.7] we find a uniformly central sequence ( e j | j ∈ N ) of projections in A such that
0 −→ 0 strongly as j → ∞. Changing e j slightly and taking a subsequence, we may assume that e j ∈ (∪ k A k ) ∩ A ′ j for each j. Let ε > 0. From [5, Corollary 6.8] , by taking inner perturbations, there are α 1 , α 2 ∈ Aut(A) such that
Let p j be the spectral projection of h j corresponding to (0, η
In addition
So for any g, h ∈ Z 2 with 0 ≤ g, h ≤ m − I and g = h, we have
Here lim η j = 0 since lim κ j = 0 and lim h j − k j = 0. Therefore taking a sufficiently large j for each ε > 0, we obtain the required f
Furthermore for any unital full matrix subalgebra B of A, taking a sufficiently large j, we may assume that f (j) g ∈ A ∩ B ′ for any g. This concludes the proof.
In Ocneanu's result [20, Theorem 2] , applied in the above proof, we have the cyclicity condition (under the action) of the projections ( E
′′ . However when approximating these projections by the projections ( f
we lose the cyclicity condition. It is our next problem to restore this cyclicity condition. To do this we need a technical lemma from [16] . Let K(l 2 (Z)) be the compact operators on l 2 (Z) and let ( E i,j | i, j ∈ Z ) be the canonical matrix units for
Then ( e i | i = 0, . . . , n − 1 ) is an orthogonal family of projections in K(l 2 (Z)). Hence for any ε > 0, there exist k, l with 1 ≪ k ≪ l such that 
Proof. Let m ∈ N, ε 1 > 0 and let B 1 be a unital full matrix subalgebra of A. By the above statement there exist k 1 , l 1 ∈ N with 1 ≪ k 1 ≪ l 1 and an orthogonal family (
where N 1 ≡ m(2k 1 + l 1 − 1) and e m ≡ e 0 . Similarly by the above statement (for n = 1, ε 1 and B 1 ), there exist k 2 , l 2 ∈ N with 1 ≪ k 2 ≪ l 2 and a projection e in K(l 2 (Z)) such that e ≤ P N2 ,
where
Next by applying Lemma 5 to (N 1 , N 2 ) ∈ N 2 , any ε 2 > 0 and B 1 , there exists an orthogonal family (
for any i = 1, 2 and g ∈ Z 2 with 0 ≤ g,
. If we put
then we have
for any i = 0, . . . , N 1 − 2, j = 0, . . . , N 2 − 1 and
So taking the polar decomposition u 1 |x 1 | of x 1 for a sufficiently small ε 2 > 0, we obtain a unitary u 1 with u 1 − 1 < 4(N 1 − 1)ε 2 . By the uniqueness of the polar decomposition we have
Similarly for α ξ2 , we obtain a unitary
] it follows that there exists a partial isometry 0) ). On the other hand α ξ2 ∈ Aut(A) has the Rohlin property as a single automorphism, and hence so does Ad v * 2 • α 2 . Therefore Ad v * 2 • α 2 is stable by [12, 7] . More precisely for any ε 3 > 0, any unital full matrix subalgebra B 2 of A and the unitary v *
Let w 1 = v 1 w and let w 2 = v 2 . Then w 1 and w 2 are partial isometries in
and
is a system of matrix units. For any unital full matrix subalgebra B 3 of A, by taking a sufficiently large B 2 including B 3 , we may assume that
Define
Furthermore define
Again for any unital full matrix subalgebra B 4 of A, by taking a sufficiently large B 3 including B 4 , we may assume that
. Then recalling the formula (2), we have
On the right hand side of (8), the nonzero terms are calculated as follows:
where x ε ≈ y means x − y < ε. Applying (6) repeatedly we have
. We estimate the other nonzero terms similarly and obtain
Let c 1 (k 2 , l 2 , ε 3 ) be the right hand side of the above inequality. Then we have
For any ε 4 > 0 and any unital full matrix subalgebra 
Of course we can make the last quantity very small. By using this W ′ 1 , let D be the C * -subalgebra of A generated by
Here again for any unital full matrix subalgebra B 6 , by taking a sufficiently large B 5 including B 6 , we may assume that
for i = 0, . . . , m − 1, where f m ≡ f 0 . Thus we have for i = 0, . . . , m − 1,
Using the formula (2), the formula (9) and
we can also make α ξ2 (f i ) − f i very small. Finally we want to estimate τ (f 0 ). We have already three inequalities from (5), (7) and (10) 1
From these we obtain
Proof of Theorem 3. Let α be a Z 2 -action on a UHF algebra A which satisfies the condition (2). For any m ∈ N we take m 0 , m 1 ∈ N such that m ≪ m 1 ≪ m 0 and m 0 is divided by m 1 . Furthermore for any ε 1 > 0 and finite subset F of A, we take a unital full matrix subalgebra B 1 of A such that for any x ∈ F there exists y ∈ B 1 with x − y < ε 1 . If we apply Lemma 6 to any n ∈ N and ε 2 > 0 then we have an orthogonal family (
for i = 0, . . . , m 0 − 1, where e m0 ≡ e 0 . This is not sufficient because the sum m−1 i=0 e i of the projections (e i ) may not be 1. We will cope with this problem now. Put
and let u 1 |x 1 | and u 2 |x 2 | be the polar decompositions of x 1 and x 2 respectively. As in the proof of Lemma 6 we can show that u 1 and u 2 are unitaries in A satisfying
for i = 0, . . . , m 0 − 1, where e m0 ≡ e 0 , and
and α 2 are automorphisms of e 0 Ae 0 . By Lemma 6 there are an orthogonal family ( p j | j = 0, . . . , n − 1 ) of projections in A ∩ B ′ 1 and a positive number c 1 (m 0 , ε 2 ) which decreases to zero as ε 2 → 0 such that
As before there also exists a unitary u
for some positive number c 2 (m 0 , n, ε 2 , ε 3 ) which we can make very small. Furthermore by taking B 2 very large we may assume that w ∈ A∩B ′ 3 for any unital full matrix subalgebra B 3 of A. Let
for 0 ≤ i, j ≤ m 0 and let C be the C * -subalgebra of A generated by
By simple calculation α 1 ⌈C = Ad U and
Define orthogonal families ( e (1) 
satisfy the conditions appearing in Remark 2 (for n = 1). Hence α has the Rohlin property.
Conjugacy
In this section we introduce three notions of conjugacy for Z N -actions on C * -algebras and discuss their relationship. First we prepare some notations. For Z N -actions α, β on a unital C * -algebra A, we write α γ,ε ≈ β when
for ε ≥ 0 and γ ∈ Aut(A). For simplicity γ,0 ≈ will be denoted by
Recall that a 1-cocycle for α means a mapping u from Z N into the unitaries U (A) of
Definition 7 Let α and β be Z N -actions on a unital C * -algebra A. Our proof is based on the generalization of the determinant introduced by P. de la Harpe and G. Skandalis (see [14] for details) and the famous 2 × 2 matrix trick due to A. Connes (see [2] ). We quickly review basic facts on the former. For a unital C * -algebra A, we let GL n (A) the group of the invertible elements in the n × n matrices M n (A) over A (equipped with the C * -norm). The inductive limit of topological groups ( GL n (A) | n ∈ N ) with the usual embeddings GL n (A) ֒→ GL n+1 (A) is denoted by GL ∞ (A) and the connected component of the identity by GL 
(note that the range of ξ is contained in GL n (A) for some n since [0,1] is compact and that τ actually means τ ⊗ tr on A ⊗ M n = M n (A)). The determinant ∆ τ ( [14] ) associated with a tracial state τ is the mapping from GL
Here p is the quotient mapping from C onto C/τ * (K 0 (A)), and ξ is a piecewise continuously differentiable mapping from [0,1] into GL 0 ∞ (A) with ξ(0) = 1 and ξ(1) = x.
A crucial fact here is that ∆ τ is a group homomorphism. For a unitary x ∈ A with x − 1 < 1, the logarithm h = i −1 log(x) (with the principal branch) makes sense and we can consider the path ξ(t) = exp(iht) from 1 to x. Sinceξ(t)ξ(t) −1 = ih, we have
Proof of Proposition 8
Let α and β be approximately conjugate Z N -actions on A. In general, if an automorphism of a simple unital C * -algebra is close to the identity in norm then it is inner, and furthermore it is implemented by a unitary which is also close to the unit of the algebra. Hence for a sufficiently small ε > 0 there exist unitaries u 1 , . . . , u N in A and an automorphism γ of A such that
. . , N . We want to show
for any k, l = 1, . . . , N . From the commutativity of α ξ k , and the simplicity of A, there exists λ ∈ T such that
Since u k , u l are close to 1, we can set
. Applying ∆ τ to the both sides of the equality
we have
The uniqueness of a trace shows that the left hand side of the above equality is zero, i.e., τ (H(s)) ∈ τ * (K 0 (A)) for any s ∈ [0, 1]. Since τ * (K 0 (A)) is discrete in C and τ (H(0)) = 0, we obtain H(1) = τ (H(1)) = 0 i.e., λ = 1. Using these unitaries u 1 , . . . , u N , we construct a desired 1-cocycle by the method in [2] . We consider the Z N -action σ on M 2 (A) defined by
Since σ ξ1 , . . . , σ ξN commute with each others from (12), σ is indeed well-defined. Note that
for any g ∈ Z N and x, y ∈ A. The identity 0 0 0 x = 0 0 1 0
where u g is the desired 1-cocycle defined by 0 0 u g 0 = σ g 0 0 1 0 (see [22, Lemma 8.11.2] ) .
Remark 9
If α and β are outer conjugate automorphisms of a UHF algebra with the Rohlin property, then they are approximately conjugate by the stability property. Hence the three notions of conjugacy defined above are the same for those automorphisms. However outer conjugacy does not imply approximate conjugacy for Z N -actions. See Remark 18 for a counter-example.
Product type actions
In this section we discuss product type Z 2 -actions on UHF algebras. As in the case of single automorphisms, the Rohlin property for these actions is closely related to a notion of uniform distribution of points in T 2 . First we say the N -dimensional version of [1, Lemma 4.1] . This can be shown as in the onedimensional case, so we omit the proof.
(1)
for any f ∈ C(T N ), where ds denotes the normalized Haar measure on
[ 0, 2π) and ♯F denotes the cardinality of the set F .
These conditions necessarily imply that n k → ∞. Moreover suppose that ( n k | k ∈ N ) has the following asymptotic factorization into large factors: For any n ∈ N there exists positive integer k 0 such that for any positive integer k ≥ k 0 one has n
k are the components of n k , i.e., n k = n
k . Then the above conditions are also equivalent to (4) For any ε > 0 there exist positive integers k 0 and n 0 such that for any k, n
for any k and p, where |s| ≡ max{ |s p | :
and (ϕ(p)) i denotes the i-th component of ϕ(p).
If S k satisfies the estimate (13) for some ϕ as above, then S k is said to be (n
If one of the conditions of the above proposition holds then ( S k | k ∈ N ) is said to be uniformly distributed.
Definition 11 Let α be a Z
N -action on a UHF algebra A. Then α is said to be a product type action if there exists a sequence (
Remark 12 In the situation above, if N = 2, then one finds unitaries u For n × n unitary matrices U and V with U V = V U , we define Sp(U ) to be a sequence consisting of the eigenvalues of U , each repeated as often as multiplicity dictates and Sp(U, V ) is a sequence consisting of the pairs of eigenvalues of U and V with a common eigenvector, each repeated as often as multiplicity dictates. Then the Rohlin property for the product type Z 2 -actions on A with λ k = 1 can be characterized as follows.
the following conditions are equivalent:
(1) α has the Rohlin property.
Proof. By Corollary 4, (1) 
where N (m, n) ≡ n k=m m k . Finally by Proposition 10 for N = 2, the last condition is equivalent to (2).
In [16] A.Kishimoto showed the following for a UHF algebra A.
(1) Any two product type Z-actions on A with the Rohlin property are approximately conjugate.
(2) For any Z-action α on A with the Rohlin property and ε > 0, there exist a product type Z-action β on A with the Rohlin property and an automorphism γ of A such that α γ,ε ≈ β.
In particular there is one and only one approximate conjugacy class of Z-actions on A with the Rohlin property. In the case of N = 2 we do not know whether (2) is valid or not. In the rest of this section we state several versions of (1) for
Theorem 14 Let α and β be product type Z 2 -actions on a UHF algebra A with the Rohlin property. Let α be determined by
as in Definition 11 and Remark 12, and β by ( n l | l ∈ N ), ( µ l | l ∈ N ). If λ k = µ l = 1 for each k, l ∈ N, then α and β are approximately conjugate.
Proof. By patching several parts of the M m k 's and the M n l 's respectively there exist a sequence ( N k | k ∈ N ) of integers satisfying N 0 = 0 and N k > 0 (k ≥ 1) and sequences ( U
0 , for a sufficiently large n there exist a unitary
(i = 1, 2) respectively, and further replace
In the same way, after replacing M N3 , U
etc. suitably, there exist a unitary W 2 in M N2 ⊗ M N3 and unitaries V (1)
By repeating the above procedure for k = 3, 4, . . ., we can construct a unitary
k+1 in M N k+1 in such a way that
γe,
Ad W 2k+1 . This completes the proof.
As mentioned in the introduction, we discuss product type actions for two classes of UHF algebras. Let ( p k | k ∈ N ) be the prime numbers in the increasing order. For a sequence ( i k | k ∈ N ) of nonnegative integers with
We consider the class of product type Z 2 -actions α on this A. Assume that α looks like
on M q k with unitaries u
Let 0 be the trivial sequence ( 0, 0, . . . ). We note that for every g ∈ Before proving Theorem 15 we introduce some notations and prepare a lemma. For a positive integer n and λ ∈ T with λ n = 1, we define the n × n unitary matrices S(n) and Ω(n, λ) by
Lemma 16
Suppose that U and V are n × n unitary matrices such that
Moreover each ω i , µ i are unique up to multiples of powers of λ.
Proof. Since U p V = V U p we have a complete orthonomal system of C n consisting of the common eigenvectors of U p and V . We take such a system (ξ (κ,µ) |κ, µ) i.e.,
Then if ω p = κ, the space spanned by
is invariant under U, V , and the matrix representation of (U, V ) with respect to the above basis is (ωU 1 , µV 1 ). Thus (U, V ) is conjugate to the direct sum of (ω i U 1 , µ i V 1 ) for some sequences ω i , µ i in T. Since (ωU 1 , µV 1 ) is conjugate to (ωλ k U 1 , µλ j V 1 ) for all k, j, the last statement is obvious.
Proof of Theorem 15 (1) Let α be given as in the theorem. Take unitaries u
in M q k and λ k ∈ T as in (14) . By Corollary 4 it suffices to prove that α (p,q) has the Rohlin property as a single automorphism for each (p, q) ∈ Z 2 \ {0}. From the assumption there is a subsequence ( p kn | n ∈ N ) of ( p k | k ∈ N ) such that λ kn = 1 for any n. Applying Lemma 16 to u (1) kn , u (2) kn we have a decomposition (u
kn,2 ) of (u (1) kn , u (2) kn ) up to conjugacy, where
for some 1 ≤ j n ≤ i kn . Then it is easy to see that
is uniformly distributed in T. This ensures that ( Sp
is also uniformly distributed for all k 0 . Hence α (p,q) = ⊗ To prove Theorem 15 (2) we introduce an invariant as a slight generalization of that in [9] .
Definition 17 For n × n unitary matrices U, V and λ ∈ T with λ n = 1, if λU V − V U < 2 then the closed complex path γ(t) = det((1 − t)λU V + tV U ) (t ∈ [0, 1]) does not go through zero. We define ω λ (U, V ) as the winding number of the path γ around zero.
From λU V − V U < 2 we can define log(λ −1 V U V * U * ), with log the principal branch of the logarithm. As is shown in [10, Lemma 3.1]
with the nonnormalized trace Tr on M n .
Proof of Theorem 15 (2).
Take u (14) for α, and v
First we show that (2.2) implies (2.1). To get a contradiction we assume that outer conjugate α, β satisfy [α] ∼ [β]. Outer conjugacy means
for some unitaries W 1 , W 2 ∈ A and an automorphism γ of A. For any ε > 0 we have a positive integer M and unitaries
By the assumption there exists a positive integer K > M with λ K = µ K . Further take a suffciently large N > K such that
where X ⊆ ε Y means that for any x ∈ X there is y ∈ Y satisfying x − y ≤ ε x . Here we use the perturbation theorem [5, Corollary 6.8] , that is, for a sufficiently small ε > 0 we have a unitary w 1 in A such that
for some positive constant C 1 independent of ε we have 
for some positive constant C 2 . As M q1 ⊗ · · · ⊗ M qN is finite-dimensional and
we have unitaries U 1 in B 1 and U 2 in B 2 such that
For these unitaries we have the following estimates:
for some positive constant C 4 . Thus we obtain scalars η 1 , η 2 of T such that
Consequently we have
for some η ∈ T and positive constant C 5 . Similarly for the direction of ξ 2 we obtain a unitary V 2 in B 2 such that
for some ζ ∈ T and positive constant C 6 . To use an invariant in Definition 17, we set µ = N k=1 µ k . Then there is a λ ∈ T such that λ q1···qN = 1 and
Note that ω λ is invariant under homotopy of unitaries for which ω λ is defined. From the above estimates we have
for a sufficiently small ε > 0. We now evaluate the both sides to get a contradiction. Let
for some s k , t k ∈ {0, . . . , q k − 1} and s ∈ {0, . . . , (q 1 · · · q N − 1)}. Then
for some H 2 ∈ M q1···qK−1qK+1···qN with Tr(H 2 ) ∈ Z. Thus
On the other hand t k q 1 · · · q k−1 q k+1 · · · q N + nq 1 · · · q N for some n ∈ Z. Therefore
Noting that s K − t K = 0 and s K − t K is not divided by q K , we have a contradiction. Next we show that (2.1) implies (2.2). We assume [α] ∼ [β]. Then we may also assume that λ k = µ k for any k since inner perturbation does not change outer conjugacy classes. If there is a k 0 ∈ N such that λ k = 1 for any k ≥ k 0 , then we have the result from Theorem 14. If there is no such k 0 , we pick up all the k's with λ k = 1 and make the subsequence ( p kn | n ∈ N ) of ( p k | k ∈ N ). Let λ k = exp(2πis k /q k ) as before. Then for any N Remark 18 Let A = M 3 ⊗ M 2 ∞ and let ω n = exp(2πi/n) for each n ∈ N. We define Z 2 -actions α, β on A by
Ad S(2 k ) ,
Ad S(2 k ) .
Then the same arguments as in the first part of the above proof show that α, β have the Rohlin property and they are not approximately conjugarte. However they are clearly outer conjugate.
Let { q k | k ∈ K } be a finite or infinite set of prime numbers. We next consider product type Z 2 -actions on the UHF algebra Proof. From Theorem 14 it is enough to prove that for any product type Z 2 -action α on A with the Rohlin property and ε > 0, there exist an automorphism γ of A and a product type action β with the Rohlin property such that α γ,ε ≈ β m 1 m 2 = N (n)M (n)
Suppose that we have shown this statement, then we can construct the required γ and β as follows. Set
Then v
1 , v
1 ∈ U (M n1 ). Applying the same method to
Ad v k and 2 −1 ε in place of
Ad v k and ε, we get n 2 , v
